Chapter 2 « Polynomial Equations and Inequalities

Review of Prerequisite Skills 5. d. 3x'-75x
=3x(x* -25)
L b 3(x-2)+7=3(x-7) =3x(x—5)(x+3)
3x -6+ 7=3x-21
3x+1=3x-21 £ 2 _56x
Ox=-22 = x(x* + x - 56)
There is no solution. =x(x+8)(x-7)
2. ¢ 4x-5<2(x-7) h. 30 10y
4x-5<2x-14 =3x(x*—4)
2x<-9
0 =3x(x-2)(x+2)
xX<——
2
or x<-45 6. e x*'-2x-15=0
< | Lo | | | L | (x—5)(x+3)=0

6 5 4 -3 2 -1 O
x-5=0 or x+3=0

d. 4x+7<9x+17 x=5 or x=-3
-5x<10
x>-2 f. Ix*+3x-4=0

(7x-4)(x+1)=0

[ N T N N R
3 2 1 0 1 2 37 Tx-4=0 or x+1=0
4
xX=— or x=-1
3. f(x)=2x*-3x+1 7
h x*=9x=0
b. f(-2)=2(-2)"-3(-2)+1 x(x*=9)=0
=15 x(x-3)(x+3)=0
d 1 12 1 x=0 or x-3=0 or x+3=0
f[z):Z[E) _3(5)1 x=0 or x=3 or x=-3
=0
7. b. 3y°—5y-4=0
4. f(x)=x’-2x>+4x+5 5+4(-5)" - 4(3)(-4)
. 20)
e f(-3)=(-3)"-2(-3)" +4(-3)+5 54473
—_5 T 6
=23 or -06
3 2
1 1 1 1
d 2 l=[=| 2| =] +4|=]+5
2 2 2 2
_5
8
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c. 3 +x+3=0 Exercise 2.1

sy -4

2(1) 2. b. The other factors can be found by dividing x — 5
5+4/41 into f(x) then checking factors for the quotient,
- either by inspection or using the Factor Theorem.

3. If fx)=x"+2x"-5x-6
and f(-1) = £(2) = f(-3) = 0.

then the factors are (x+1),(x-2), and (x+3).

e. 2x°=5x-3=0

Solution 1 This is true since f(a) is the remainder, and in this
5 case, all remainders are zero, giving division that is
X = 5+4(=5) -4(2)(-3) complete. Also, this is the Factor Theorem.
2(2)
_Sim 4. a. x—lisafactor of f(x)=x"-7x+6 onlyif
T4 f(n)=o.
=3 o -05

Since f(1)=1"-7(1) +6 =0, then x — 1 isa factor.

Solution 2 d f(x)=x"+6x"-2x+3

f(3)=3"+6(3*)-2(3)+3

(2x+1)(x-3)=0 o

2x+1=0 or x-3= .
Therefore, (x —3) is not a factor of fx).
2x=-1 or =
UL =3 £ f(x)=4x"—6x"+8x-3
2

(53] ) )
g. 2p°-3p+5=0 2 2 2 2
3

_3%4(=3) - 4(2)(5) =

1
) 5——4‘4 -3
2(2) =0
+4/—
_34 F Therefore, (2x —1) is a factor of (x).
3+iy31
4

i 2x(x-5)=(x+2)(x-3)
2x°=10x=x"-x-6
x’=9x+6=0

924J(-9)" = 4(1)(6)

t 2(1)
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5.

6.

7.

flx)=x’-2x>-2x-3

a. f(3)=3-2(3"-2(3)-3
=27-18-6-3
=0

b. x — 3 is a linear factor of f(x).

c. X +x+l
x—3)x3—2x2—2x—3
x’=3x’
x=2x
x’=3x

x-3
x-3
0
The quadratic factor is x* +x +1.

g(x)=x"=2x>-5x+6

a. g(-2)=(-2)"-2(-2)-5(-2)+6
0

b. x+ 2 is the linear factor of f(x).

c x’=2x"=5x+6=(x+2)(x +kx+1)

=x"+(k+2)x +(k+1)x+2

By comparing coefficients, k+2 =-2
k=-4.

- the quadratic factoris x> —4x+1.

a. Let f(x)=x"—4x+3.
f)=1r-4(1)+3
=0
s (x — 1) is a factor of f (x).
x—dx+3=(x—1)(x* +kx - 3)
=x*+(k-1)x"+(-k-3)x+3
Comparing coefficients, k—1=0
k=1.
coxt —dx+3=(x-1)(x* +x-3).

b. Let f(x)=x"+2x" —x-2.
F1) =) +2(1)" - (1) -2
=0
<o (x — 1) is a factor of f(x).
S0, x* +2x7 —x—2=(x-1)(x* + kx +1)
=x+k-1)x +...
Comparing coefficients, k = 3
x0T +x +x—i—1=(x—1)(x2 +3x+2)
=(x—1)(x +2)(x +1).

e. Letf(y)=y3—y2—y—2
f2)=02)-(2)"-(2)-2
=0.
(y—2) is a factor of f(y).

By dividing, y*-y*—y-2=(y-2)(y*+y+1).

g f(x)=x"-8x"+3x" +40x-12

Because the function is quartic and the constant

is —12, which presents many possibilities, we use

the graphing calculator in m mode in the

function to establish f(-2) = f(3) =

0.

Therefore, both (x +2) and (x — 3) are factors of

F()
Using the method of comparing coefficients to
factor,

x*=8x*+3x* +40x-12
=(x+2)(x=3)(x* + kx +2)
=(x’—x-6)(x" +kx +2)
=x'+(k=1)x*+...
Since k—-1=-8

k=-1.

soxt—8x7 +3x* +40x 12
=(x+2)(x=3)(x* = 7x +2).
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9.

h. Let f(x)=x"-6x"—15x* —6x—16.
By graphing, it appears x-intercepts are —2 and 8.
Checking,
f(2)=(-2)" -6(-2)" —15(-2)" - 6(-2) -16 =0
and £(8) =(8)" —6(8)" —15(8)" —6(8)-16=0.
Therefore, both and (x —8) are factors of f (x)
sxt—6x'-15x"-6x-16
=(x+2)(x-8)(x* +kx +1)
=(x* = 6x—16)(x* + kx +1)
=x'+(k—6)xX+ ...
Comparing coefficients, k — 6 =—6
S k=0.
So, x'—6x’-15x>-6x-16
=(x+2)(x = 8)(x* +1).

If x'+4x>+ke—5 is divisible by (x+2),
then f(-2)=0,

or(=2)" +4(=2)" +k(-2)-5=0
8+16-2k-5=0

2k =-3

k=15.

10. ¢ 1250 —64r" =(5u)" - (4r)°

= (5u—4r)(25u” + 20ur +16r?)

d. 2000w* + 2y’ =2(1000w" +y’)
=2(10w + y)(100w — 10wy + y°)

€.

3

(x+ y)3 —u' =(x+y) - (uz)’

20

=(x+y—uZ)[(x+)’)2 +(x+y)uz+M2Z2]

=(x+y—uz)[x* +2xy + y* + xuz + yuz + u’z’]

f.

5u° —40(x +y)’

=5[u3—8(x+y)3]

5[~ (e )]

= 5(u —2[2x + y])(u2 + 2u(2x + y) + 4(2x + y)z)
=5(u—4x—2y)(u” + 4ux + 2uy + 4(4x* + 4xy +y°))
=5(u—4x—2y)(u’ + dux +2uy +16x° +16xy + 4y°)

Chapter 2: Polynomial Equations and Inequalities

11.

12.

13.

Let f(x)=x"—6x"+3x+10.

Since x” —x-2=(x-2)(x+1).

If f(x) is divisible by x*—x—2 it must be

divisible by both (x — 2) and (x + 1), that is,

f@)=f(1)=0.

Substituting for x, £(2)=2°-6(2)" +3(2) +10
=8-24+6+10=0

F1)=(-1)" =6(-1)" +3(~1) +10
=-1-6-3+10=0.

and

Therefore, x* —6x* +3x+10 is divisible by x* — x — 2.

a. Let f(x)=x"y*
f)=y'-y"=0

s (x—=y) is a factor of x* —y*

b. By division, the other factor is x* + x*y + xy* + y°.

X+xy+xyi+y’

4 4
x—y)x -y
x4_x3y
x’y
x3y_x2y2
x2y2
2..2 3
Xy —Xy
xy?_yél
xy’ —y*

0
c. From the pattern of 2. b.
xt—8l=x"-(3)
=(x— 3)()63 +x(3) +x(3)" + (3)3)
=(x=3)(x" +3x" + 9x +27)
a. Let f(x)=x"-y
f)=y"-y"=0

~.(x—y)is a factor of x° —y”.



b. By dividing,
Xy + iyt + !

x_y)xs _ys
x—xty
4
Xy
x4y_x3y2
x3y2
3..2 2..3
Xy —xy
2.3
Xy
x2y3_-x.y4
xyt =y’
xyA—yS
0

x’ =y’ =(x—y)(x4 +x'y+x*y +xy’ + y")

X' =32=x"-2°

=(x- 2)()(4 +x(=2)+ x3(=2)" + x(=2)* + (—2)4)

=(x-2)(x" —=2x" +4x> - 8x +16)

14. a. Let f(x) =x"-y"

Since f(y) =y"-y" =0, then (x - y) is a factor

of x" —y" by the Factor Theorem.

b. From the factoring pattern developed in questions 2

and 3, the other factor is
n-3_2

XXy Xy ey Ty
15. Let f(x)=(x+ a)5 +(x+ c)5 +(a- c)5
f(-a)=(a- a)5 +(-a+ c)5 +(a- c)5
0+ [(-1)a-)f +(a—c)
= (—I)S(a - c)5 +(a- c)5
=—(a—c)" +(a-c)

=0
~(x+a) is a factor of f(x).

16.

17.

18.

19.

Let f(x) =x’ —(a+b+c)x’ +(ab + be + ca)x — abc.
fla)=a’ -(a+b+c)a’ +(ab+ bc + ca)a — abe
=a’-a’-a’b-a’c+a’b+abc+a’c—abc
=0
. (x—a)is a factor of f(x).

If neN,(x+y) will be a factor of f(x)=x"+y"
if and only if n is an odd number. If # is an odd
number, then
f=y)=(=y)" +y"

— yn + yn

=0.
However, if n is an even number, then

(f(=y) =(=)" +y"

and in order for (x+y) to be a factor, f(-y)=0.

Let f(x) =x"+y’.

Since f(y) = (=) +°
==y +y
=0
then (x + y) is a factor of f(x).
By dividing,
4y =(x+y)(xt -y + X%y —xy’ +y).

flx)=x’+2x>+5x+12

Since f(x) is a cubic function, it could have at least

one factor of the form (x — p) where p is negative.
Possible values for p are +1,+2,+3,+4,+6,and +12.
Using the graphing calculator, the function has no value

for p. We cannot find a rational number for p.

Exercise 2.2

1.

a. f(x)=2x"+9x-5
For factors with integer coefficients, the first terms
must be either 2x or x. Since the only factors of 5

are 5and 1, the possible values of P are
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b. f(x)=3x"-4x*+7+8

For factors, the first terms must be 3x and x, and
the second terms must be *1,+2,+4,and £8.

A graph of the function shows k = P can be
q

between 0 and —1. Since p divides 3 and

1
q divides 8, we try 3 and — 3

f(x)=4x>+3x> = 11x+2
The first terms of the possible factors must be

4x, 2x, or x. The second terms must be
+1,£2,+3,+£4,£6,or £12.

Graphing gives possible values for L as between —2
q

and -3. Therefore, there are no possible values for 3.

p

q

. f(x)=8x"—Tx*+23x—4
The first terms of the possible factors are

8x,4x,2x, or x.

The second terms could be *1,+2, %3, or £4.
By graphing, we see possible values for k are
between 0 and 1, closer to 0.

1 1 3
Possible values for P are then —, —, or —.
q 8§ 4 8
f(x)=6x"=7x" +4x+3
The first terms could be 6x,3x,2x, or x. (¢)
The second terms could be *1,+2,%3, or 6. (p)

By graphing, we see possible values for k are 4.

between 0 and —1.

P
q

Possible values for are _é and — %
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3
If f(z) =0, then (2x—3) is a factor of f(x). Since

(x—2) is also a factor and f(x) is cubic, then
f(x)=(x-2)(2x-3)(ax +b) where a,bel,a#0.

But f(4)=50
- (4-2)(2(4)-3)(4a +b) =50
2(5)(4a+b)=50
4a+b=5
or b=5-4a.

Since there are many values that satisfy this equation,
we select one possibility, i.e., a=1, b=1. One
possibility is f(x) =(x -2)(2x = 3)(x +1).

If g(3)=0, then (x-3) is a factor of g(x).
3 .
If g = =0, then (4x+3) is a factor.

Since (x + 2) is a given factor as well, then the

quartic function is g(x) = (x +2)(x —3)(4x +3)(ax + b),
where a, b. e [ a# 0.
g(1)=-84
(1+2)1-3)(4+3)(a+b)=-84
(3)(-2)(7)(a + b) = -84
a+b=2.

Since

Leta=1,thenb =1.
The function is

g(x) = (x + 2)(x - 3)(4x + 3)(x + 1).

a. f(x)=2x"+x"+x-1
From the graph and the possibilities for r , we see

q

1
possible values for & is 7

1
Using the | CALC [function, we have x = 5 y=0.



1
Therefore, f(g) =0, so (x _ %J or (2x-1)

is a factor.

flx)=2x"+x"+x-1
=(2x-1)(x* + kx + 1), where k €
=2x"+(2k-1)x* +...
Comparing coefficients, 2k —1=1.
2k=2
k=1
c2x0 + 7 +x—1=2x = 1)(x* +x +1).

. fx)=6x"-17x> +11x-2

From the graph, we see possible values for k are
between 0 and 1, and at 2. Checking the

| CALC |and [ VALUE | functions,

£(2)=0 and f(%) =0.

So, (x—2)and (2x — 1) are factors of f(x).
267 —17x" +11x =2 =(2x = 1)(x = 2)(3x - 1).

. f(x)=5x" +x’-22x" —4x+8

From the graph, we see that there are four factors.

Possible values for k= P are —2, between —1
q

and 0, between 0 and 1, and 2. Testing, f(-2)=0

and f(+2)=0.So, (x+2) and (x-2) are
factors.

SS5x 4+ —22x7—4x+8

=(x+2)(x - 2)(5x" + kx - 2)

=(x*—4)(5x* + kx - 2)

=5x"+ kX + ...

Comparing coefficients, k = 1.

s5xt Xt = 22x —4x +8=(x +2)(x —2)(5x” +x - 2).

£, f(x)=18x —15x> —x +2

From the graph, we see that there are three factors, one
between —1 and 0, and two between O and 1. The first
terms could be 1x, 2x, 3x, 6x, 9x, and 18x.(¢q)

The second terms could be =*I1, or £2. (p)

(3x+1) may be a factor.

Testing,f(—%)zw(—%) —15(_%) _(_%)4.2

18 15 1
=——-—+=-+2
27 9 3

=0.

~(3x+1) is a factor.

So, 18x° —15x> —x+2

=(3x +1)(6x" + kx +2)
=18x" +(3k+6)x* +...
Comparing coefficients, 3k+6=-15
3k =-21
k=-T7.

Therefore, 18x* —15x" —x+2 =(3x +1)(6x* - 7x +2)
=(3x+1)(3x-2)(2x-1).

g f(x)=3x"-5x"-x"—4x+4

There are two possible values for k = P a2 and
q

between 0 and 1. Using the | CALC | function and

2
testing | VALUE | of x =2 and 3o we find

£(2)=0 and f(%)z 0.

So, the two factors are (x — 2) and (3x — 2).
3x' =5x'—x*—4x+4
=(x-2)3x-2)(x* + kx +1)
=(3x = 8x+4)(x” + kx +1)
=3x" +(3k—8)x’ +...
Comparing coefficients, 3k—8=-5

3k=3
k=1.

2 3xt =5 —x —dx+4=(x-2)(3x -2)(x* +x +1).
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5.

24

a. f(x)=px'+(p-q)x* +(2p-g)x+2¢

The first term can be p or 1.

The second term can be +2,+¢g, or +2gq.

We try x = -2:

£(=2)=p(-2)" +(p-q)(-2)" +(-2p—q)(-2) +2
=8p+4p-4q+4p+2qg+2¢q
=0.

So, (x+2) is a factor of f(x).

wpx’ +(p=q)x’ +(2p-g)x +2¢g
=(x+2)(px* + kx + q)
=px’ +(k+2p)x’ +...
By comparing coefficients, we have
k+2p=p—q
k=-p-gq.
wpx+(p-g)x* +(2p-q)x +24
=(x+2)(px* = (p+q)x +q).

b. f(x)=abx’+(a—2b—ab)x’ +(2b—a—2)x+2
If the factors are integer values, the first term

can be ax, bx, abx, or x and the second term

can be *1 or £2.
1 1

So, K = P canbe £1, £2, il, +—, £—, etc.
q a b ab
f)=ab+a-2b—ab+2b-a-2+2
=0
s (x=1) is a factor.
So, abx’+(a-2b-ab)x*+(2b—a-2)x+2
=(x—1)(abx’ + kx -2)
= abx’ + (k —ab)x” + (-2 — k)x +2.
Comparing coefficients, k—ab=a—2b—ab
k=a-2b.
soabx’ +(a-2b-ab)x* +(2b-a-2)x+2
=(x —1)(abx’ +(a -2b)x -2)
=(x—1)(ax —2)(bx +1).
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Exercise 2.3

3.

a. Since the x-intercepts are -3, 0, and 2, (x + 3),
x, and (x —2) must be factors of the cubic function.
Therefore, f(x)=k(x)(x-2)(x+3), where k is a

constant, represents the family of cubic functions.

b. If (=1, 12) lies on the graph of one member of the family,

then (-1,12) must satisfy the equation.
Substituting, 12 = k(~1)(-1-2)(~1+3)
12 =6k
k=2.
So, the particular member is

F(x) =2x(x =2)(x +3).

a. Since the x-intercepts are —2, —1, and 1, then
(x+2), (x+1),and (x—1) are factors of f(x).
o f(x) =k(x = 1)(x +1)(x +2), where k is a

constant.

For roots 1,2, and % , the factors must be (x —1),(x - 2),

and (5x — 3) . A polynomial equation with these

roots is (x - 1)()6 - 2)(5x - 3) =0.

If 2 is a root of the equation, substituting x =2
will satisfy the equation. Then,
2(2)" =5k(2)" +7(2) +10=0
16-20k+14+10=0
—20k =-40
k=2.



8. b. xX*+2x+10=0 i Let f(x)=x"-3x"—dx+12.

_ 24427 4()(10) f(2)=2"-3(2)" -4(2)+12

2(1) =0
260 s (x=2) is a factor of f(x).
2 By dividing, the other factor is x° — x—6.
=143 , ‘
X —X—
x=2)x" —3x" ~4x+12
e x3=x 3 22
X — X
x—x=0 ;4
—X —4aX
x(xz—l)ZO x> +2x
x(x=1)(x+1)=0 ——6x+12
x=0 or x-1=0 or x+1=0 6x+12
—0X
x=0 or x =1 or x=-1 0
. ‘i-0 x=3x"-4x+12=0
T (x=2)(x’ —x—6)=0
(1) -1) =0 (x-2)(x—3)(x+2) =0
x*+1=0 or x*-1=0
21 o el x-2=0 or x-3=0 or x+2=0
* x=2 or x=3 or x=-2
x =xi or x=x1
jo Let f(x)=x"—9x> +26x —24.
h. 8x'=27=0 f(2)=2"-9(2)" +26(2)-24
(2x)°=3'=0 =8-36+52-24
(2x-3)(4x* +6x+9)=0 =0
2x—-3=0 or 4x’+6x+9=0 ~.(x —2) is a factor of f(x).
2%x=3 or x:—6i\l36_4(4)(9) So, x’—9x*+26x=24
2(4) X —9x? +26x-24=0
23 x:—6i\/—108 (x—2)(x* = 7x +12) = 0] by comparing coefficients
2 8 x=2)(x—4)(x=3)=0 or by division
:M x-2=0 or x-4=0 or x-3=0
8
x=2 or x=4 or x=3
3433
4

To find the zeros, use
this+1,+2,£3,...

L Let f(x) =x’ —2x* —15x+36 }
all factors of 36.

f(3)=27-2(9)-15(3) +36
=27-18-45+36
=0
- (x =3)is a factor of f(x).
x'=2x*-15x+36=0
(x=3)(x>+x—-12)=0 by inspection
(x=3)(x+4)(x-3)=0
x-3=0 or x+4=0 or x-3=0
x=3 or x=-4 or x=3

Then x=3 or 4.
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m. X’ +8x+10="7x"
x'=7x"+8x+10=0
Let f(x) =x’—7x>+8x+10.
To find the zeros, we try 1, £2, £5,... all
factors of 10.
f(5)=5-7(5) +8(5)+10
=0
- (x=5) is a factor of f(x).

So, ¥’ = 7x+8x+10=0

(x-5)(x*~2x-2)=0 by inspection

x-5=0 or x’-2x-2=0
+.4/2% = —
=5 o x=2_1/2 4(1)(-2)
2(1)
24412
T2
2423
T2
—1+3
n. x*=3x*+16=6x

x'=3x"-6x+16=0
To find x, such that f(x) =0, we try the factors of
16, 1.e., *1, £2, etc.
f(2)=2"-3(2)"-6(2) + 16
=0

~.(x —2) is a factor of f(x).

x*=3x*—6x+16=0

(x-2)(x*-x-8)=0

x-2=0 or x*—-x-8=0
1+4/1-4(1)(-8)
x=2 or X=—"""7~
2(1)
133
2
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9. b. 4x°+19x*+11x-4=0
By graphing f(x) =4x’ +19x* + 11x - 4,
it appears that the x-intercepts are —4, —1, and
0.25.

By using m selection in mode,
we see f(—4)=f(-1)=£(0.25) =0.
s (x+4) and (x+1) and (4x+1) are factors

of £(x).

By taking the product, we can verify this.

(x+4)(x +1)(4x +1)
=(x"+5x+4)(4x-1)

=4x" —x>+20x> -5x+16x -4
=4x*+19x* +11x -4
sx=-4 or -1 or 0.25.

d. 4x* —2x* -16x° +8x=0
A4x’ —2x* —16x+8) =0
x[2x*(2x-1)-8(2x-1)]=0
x[(2x-1)(2x* -8)]=0

x=0 or 2x-1=0 or 2x*-8=0
1
or xX=— or 2x* =8
2
x'=4
x=32
f. x'=7=6x"
xt—6x>=-7=0

(x*-7)(x*+1)=0
x*=7=0 or x*+1=0



h. (x+1) (x+5)(x+3)=-3
(x> +6x+5)(x+3) =-3

2’ +3x7 +6x7 +18x +5x+15=-3

X +9x*+23x+18 =0

Let f(x) =x’ +9x> +23x +18...
Tryx=x1,£2,£3.
f(=2)=(<2)" +9(-2)" +23(-2) +18
=-8+36-46+18=0

s (x+2) is a factor of x+2

By division,
X’ +9x7 +23x +18 = (x +2)(x* + 7x+9) =0

x+2=0 or x*+7x+9=0

)
X X 2(1)
7413
-2
10. 2. ' _10x* +9=0

(x*=9)(x*-1)=0

x*-9=0 or x'=1=0
(x*=3)(x*+3)=0 or (x’-1)(x’+1)=0
x*=3=0 or x’+3=0 or x’=1=0 orx’+1=0

x=i\/§ or x=ii\/§ or x=x=I or x==%i
b. x*-7x’-8=0
Let x’ =a.
a’-T7a-8=0
(a-8)a+1)=0
a-8=0or a+1=0
But a = x’; substituting,
x’=8=0 or x*+1=0

(x—2)(x2+2x+4)20 or (x+1)(x2—x+l)=0
x=2orx’+2x+4=0o0rx+1=0o0orx’—x+1=0

244 -4(1)(4)

x=2 or x= 2(1)

1+ 1—4(1)(1)

or x=-1or x=
2
244212 1£4-3

x=20or x=——-—— or x=-1 or x=

2 2

. 1443
x=2or x =-1%3 or x=-1 or x= 5

c. (x*=x)-8(x*—x)+12=0
Let a=x"—x.
Then substituting,
a’-8a+12=0
(a-6)(a-2)=0
a-6=0 or a-2=0.
But a=x>—x
xP-x-2=0
(x=2)(x+1)=0
x=2=0 or x+1=0

x'—x-6=0 or
(x-3)(x+2)=0
x—3=0 or x+2=0

x=3 or x=-2 x=2 or x=-1.
1Y 77( 1
d [x——| ——|x-—[+10=0
X 12 X
Let a=x——.
X

77
a’——a+10=0
12
12a*>-77a+120=0
Since there are so many possible integers to try,

we use the quadratic formula.

N \/ (=77)" - 4(12)(120)
‘= 2(12)

But a=x-—
X

1 15
—=—o0r x—-—=
4

SoX— —.
x 3

=

Since x#0

15
xz—lsz or 3x>’-8x-3=0

4x —15x-4=0
(4x+1)(x-4)=0 or (Bx+1)(x-3)=0
4x+1=0 or x-4=0 or 3x+1=0 orx-3=0

1
X =-—— or x=4 or x=—— orx=3.
4 3
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e. (Bx-5Bx+1)"(3x+7)+68=0
Let a=3x+1,
Then 3x—5=a—-6 and 3x+7=a+6.
Substituting,
(a—6)(a)’(a+6)+68=0
a’(a®-36)+68=0
a'=36a>+68=0
(a®-34)(a’-2)=0
a*-34=0 ora’-2=0.
But a =3x+1
~(3x+1)"=34=0 or (3x+1)"'-2=0

9x* +6x-33=0 9x*+6x—-1=0
—6++/6*— _
3x°+2x-11=0 x= 66"~ 4(9)(-1)
2(9)
2427 4(3)(-11) 672
g 2(3) T
_2+4136 _6+6\2
G T
RN -1+
3 3

f. (x*+6x+6)(x’+6x+8) =528
Let a=x>+6x+6.
Then substituting,
ala+2)=528
a’+2a-528=0
(a+24)(a-22)=0
a+24=0or a-22=0

But a=x"+6x+6
X7 4+6x=6424=0 or x’=6x+6-22=0

x*+6x+30 =0 x’+6x-16=0
x=_6im (x+8)(x—2)=0
2(1)
:@ x+8=0 or x-2=0
:—Siiﬂ/i x=-8 or x=2
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11.

12.

13.

The volume of ice is given by y =8x’ +36x> + 54x.
If the volume of ice is 2170 cm’®,
8x’ +36x° +54x=2170

8x’ +36x* +54x-2170=0

4x’ +18x* +27x 1085 = Q.
By graphing y =4x’ +18x” +27x — 1085,
we find y=0 when x=35.
Since x represents the thickness of ice that gives a
specific volume, there is only one value, i.e., the

thickness of ice is 5 cm.

b. x’-2x*-8x+13=0
Graphing y = x* —2x> —8x+13, we find the
roots using mode and m,
locating roots between —3 and -2, and 1, 2, 3
and 4. The roots are x =—-2.714,1.483, and 3.231.

c. 2X-6x+4=0
Graphing y =2x’ —6x> + 4, the roots lie
between —1 and 0, between 2 and 3, and exactly 1.
Using option in mode, we
findroots at —0.732 and 2.732.
<. the roots are 1, —0.732, and 2.732.

Let the dimensions of the box have a height of x cm,
a width of (x + 1) cm, and a length of (x + 2) cm. The
volume of the rectangular box is V, = x(x +1)(x +2)
where volume, V, is in cm’. The new dimensions are
2x, x+ 2, and x + 3.
.. the new volume is V, = 2x(x + 2)(x + 3).
The increase in volume is
V,-V,=120

2x(x+2)(x +3) —x(x+1)(x +2) =120

2x(x* +5x+6) — x(x* +3x+2) =120

2x° +10x> +12x —x° = 3x> =2x =120

X +7x*+10x-120=0
Let f(x)=x"+7x"+10x —120.
Since f£(3)=3"+7(3)" +10(3) 120
=0.



14.

then (x—3) is a factor.

By dividing, x* +7x*+10x-120=0
becomes (x —3)(x* +10x +40) =0
x-3=0 or x*+10x+40=0

~10+ 2 _
23 or xo10 «/102 4(1)(40)
_ —10£V-60

2

= _5+i15.

But x>0, x€R since it represents the height of the

box; ~.x=3

. the dimensions are 3 cm by 4 cm by 5 cm.

The volume of the silo is to be 2000 m’. Let r cm be

the radius of the main section.

V=7l’r2h+l |:i7rr3:|
2 3
T T

(main section) (roof volume)
V =107’ + %7173

But vV =2000

%77:}’3 +107r* —2000=0
Graphing,

y= %nﬁ +107> —2000,

we find one real root at x = 3.6859. Therefore, the
radius should be about 3.69 m.

15. a=0.6r+2 (1)

v=03"+2t+4 (2

s=0.1++4t (3)
where a is acceleration in km/s*v is the velocity in
km/s and s is the displacement in km.
If the displacement is 25 km, then

25=0.1"+1* + 4t where t>0,teR

or 0.1 + 1> +4r-25=0.
Using the graph of f(t)=0.1¢* +¢* + 41 - 25, we find
one real root at ¢ =3.100833.
Therefore, after 3.1 the rocket will have travelled
25 km.
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Section 2.4 Investigation

Equati b Roots S Product
quation a ¢ of Roots um of Roots
xX*=5x+6=0 1 -5 6 3,2 5 6
x*+3x-28=0 1 3 -28 -7, 4 -3 28
! 19
3x° +19x+6=0 3 19 6 3 -6 T3 2
x’—4x+1=0 1 —4 1 2443 4 1
17++/273 17
2x° ~17x+2=0 2 17 2 — P 1
~1+i339 1 2
5x°+x+2=0 5 1 2 10 5 5

1. The sum of the roots of a quadratic equation is the opposite of the coefficient of the linear term divided by the

coefficient of the quadratic term, thatis, x, +x,=——"-

2. The product of the roots of a quadratic equation is the quotient of the constant term divided by the coefficient of the

quadratic term, that is, (x1 )(xz) =< .
a

Exercise 2.4

2. The quadratic equation is

x” — (sum of the roots) X (product of the roots) = 0.

a. The equationis x*-3x+7=0.

b. The equationis x*+6x+4=0.
¢. The equation is
1 2
xX’—=x-——=0
5 25
or 25x* =5x-2=0.
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d. The equation is
13 1
X+ —x+—=0
12 4

or 12x*+13x+3=0.

e. The equation is

x2+11x—g=0
3
or 3x°+33x-2=0.




3. b x+x,=-5+8 and xx,=(-5)(8) Solution 2

=3 =_40

The equation is x° —3x—40=0. Let & represent the second root of 2x* + kx — 20 = 0.

\ The sum of the roots is s +5= _g (1)
1 1
¢ x +x,=3+= and xx,=(3)|=
3 3 . 20
0 and the product is S5h = ey
=3 =1 5h=-10
h=-2 (2)
P L
The equationis X" ——x+1=0 k
3 Substituting into (1) —-2+5= ~5
3x*—10x+3=0.
k
32—5
4 3 41 3
e. X +x, =_§+E and (x])(x2)=(—gJ(E] k=-6.
17 12
~ o5 125 5. Let h represent the other root of x*+ x—-2k=0.
The equation is The sum of the rootsis h—7=-1 or h=6.
17 12 The product of the roots is (=7)(h) =2k .
2 -
AT R Tt But h=6,
or 125x> +85x—12 = 0. < (=7)(6) =2k
-42 =2k
P k=21.
) The other root is 6, and k = 21.
X +x,=(2+i)(2-i) and (x)(x,)=(2+i)(2-i)
— — P2
=4 =4-i 6. Let x, and x, represent the roots of the given

equations,
L, x*+8x—-1=0.
The equationis x" —-4x+5=0. x4 x, =—8and (x)(x,) = 1.

The roots of the required equation are X, +6

4. Solution 1 and x,+6.
For the sum of the new equation, the sum of the

Since 5 is a root of 2x* + kx —20 =0, it must satisfy the roots is
equation. Therefore, (x, +6) +(x, +6) =x, +x, +12.
2(5)2 +k(5)=20=0 But x, +x,=-8.
50 +k(5)-20=0 Therefore, the sum of the roots of the new equation is
5k =-30 —-8+12 or 4.
k=—6. For the new equation, the product of the roots is

(x, +6)(x, +6)
=x,x, +6x, + 6x, +36
=xx, +6(x, +x,)+36
=(-1)+6(-8)+36
=-13.

So, the new equation is x> —4x—-13=0.
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Let x, and x, represent the roots of the given
equation.

X +x,= % and (x]xz) =1
The roots of the required equation are x, +5 and
x,+5.
For the new equation, the sum of the roots is
(%+$+Qﬁ6)
= ()c1 + x2) +10
17

=—+10
2

3

=

For the new equation, the product of the roots is
(xI + 5) (xz + 5)

=x.X,+ 5()(l + xz) +25

=1+5(£)+25
2
1

L, 3T 237
So, the new equation is x" — o + BN 0
or 2x* =37x+137=0.

Let x and x, be the roots of 3xX°+7x+3=0,

7
Xt xy =g and (x,xx,)=1. The roots of the

required equation are 3x, and 3x,. For the new
equation, the sum of the roots is

3x, +3x,
=3 (xl + xz)

¥

For the new equation, the product of the roots is

(3xl )(sz)

=9x,x,

-9()

=9.

Therefore, the new equation is x>+ 7x+9=0.
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9. Let the roots of 4x”—9x—2=0 be represented by X,

and X,

X

9 2 1
 tx,=— and xx,=——=-—
4 4 2

The roots of the required equation are x," and x,.

For the new equation, the sum of the roots is xl2 + xzz .

2 2 2
But (x1 + xz) =x, +2x,x,+x,

2 2: x +x ) +2(xx
(4) ( ! 2) ( 1 2)
f—éz(x12+x22)+2(—%)

2 2 81
+x, =—
16

9
16

For the new equation, the product of the roots is

+1

2 2 2
xl xz _(xlxz)

So, the required equation is

2 2 2.2
(x4 x)x+ 1%, =0

7 1

x2—9—x+—=0
16 4

or 16x>-97x+4 =0

10. Let x and x_ be the roots of 5x*+10x+1=0.
Then x, +x, == =-2 and XX, =3
Since the roots of the required equation are their

. 1 1
reciprocals, and the new roots are — and —.

X X,



The sum of the new roots is 1 1 . BYZRS

—+t— The product of the new rootsis | — | | —
X, X, X, X,
X, tx |

xlxz = 2 2

2 X, X,
= —I B 1

- 2

5 ('xl'xz)

=-10.

The required equation is
x? - (sum of roots)x + (product of roots) = 0.

1
x'=10x+—=0
So, the required equationis x*>+10x+5=0. 4
4x°-40x+1=0

. Let the roots of the given equation be x and x,. 12. Let x and x be the roots of 2x>+4x+1=0.
1 2
For x’+6x-2=0, x, +x,=—6 and xx,=-2. 4 1
X, +x,=—— and (x])(xz) =—
2 2
1Y, (1) =2
The roots of the required equation are (—) and (_J .
X, X,
The roots of the new equation are x,’ and x,’.
The sum of the new roots is ~ _L_ + !
X, X, The product of the new roots is  x,’x,’ = (x,x,)’
3
_ xz2 + xl2 — l
x12x22 2
2 + 2 _ 1
X, +x =
=2 8
('xlx2) . 3 3
The sum of the new roots is x,” + x,” .
2 2 2
Now, (xl +x2) =x, +2x+x,+x, N N ) ) s
s s , But (x,+x,) =x, +3x, x,+3xx, +x,
(-6) =x, +2(-2)+x, . \ \ . . \
(2) =x, + ?a()cl x, +3x,x, ) +x,
So, xlz-i-xz2 =36+4 3 3
— 40, -8=x, +x, + 3x1x2(x, +x2)
1
and )Clz)cz2 =-2 -8 =x,3 +X, +* 43 [5)(—2)
S0, (x])cz)2 =4.
Therefore, the sum of the new roots is So, x13 + x; =_5.
xl2 + xz2 40
- = -l 1
( x|xﬁ) 4 Therefore, the new equationis  x* +5x + g =0

8x*+40x+1=0.
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13. A cubic equation with roots X,, X,, X, may be
written as

(x—xl)(x—xz)(x—x3)=0 (1)

Expanding, (x - xl)(xz —(x, +x,)x+ x2x3) =0
X0 = (x, + x,)x” + x,x,x
—(x,)x? + (x,x, + x,2,)x = x,x,%, = 0

= (o, x, + x)x7 + (,x, + x,x + xx )x - 6 x,x, =0

Comparing the coefficients of this expanded expression
with the general cubic equation

ax’ +bx* +cx+d=0, (2)

we note that the cubic term must be 1 in order to
compare these equations, therefore, dividing (2) by

a, we get
b c d
X H—=x+—x+—=0.
a a a
b
Now, X, +x,+x,=——
a

c
XX, + XXy + X, X5 :Z

and XXX, =——

1
14. Given the roots of a cubic equation are > 2, and 4,

1
xl+x2+x3:E+2+4

_B
2
wexn =345 )0+ @)
=11
X, :(%J (2)(4)
=4.

Therefore, the cubic equation is

1
xS—;x2+11x—4=0

or 2x° —13x* +22x-8=0.
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15. Let the roots of x’ — 4x’— 2 = 0 be represented by

X, X, X, From the solution to question 13,

4
X +x+x =7 =4
1 2 3 1

X xX.+x x+x. x=3
1 2 1 3 2 3
X x.x =3.
1 2 3

For the required equation, the roots are
x,+ 2, X, + 2, and x + 2.

@) (x]+2)+(x2+2)+(x3+2)=(x1+x2+x3)+6
=4+6
=10

(ii) (x] + 2)(x2 + 2)(x1 + 2)(x3 + 2)(x2 +2) (xj +2)
= [)c])c2 + 2()cl + x2)+ 4] + [xl)c3 + 2()c3 + xl)+ 4]

+ [x2x3 +2(x, +x,) + 4]

=XX, XX, + X%, +2

(x, 42, +x,+x, +x,+x,)+4+4+4

= (x1x2 +x,x, + x2x3)+ 4(x] +x,+ x3)+ 12
=3+4(4)+12
=31

(i) (x, +2)(x, +2)(x, +2)
= (o, +2)(x,x, +2(x, +x,) +4)
= x,2,%, +2(x,x, +x,x,) + 4(x, +2x,x, +4x, +4x,) +8
= x,2,%, +2(x,x, + x,x, +x,0,) + 4(x, +x, +x,) +8
=2+2(3)+4(4)+8
=32

The required equation is x* —10x> +31x -32 =0.



16. A quartic equation with roots X,, X,, x,, and x, may be
written as (x — xl)(x — xz)(x — x3)(x — x4) =0.
Expanding, we have

(x2 = (xl + xz)x + xl)cz)(x2 - ()c3 + x4)x + x3x4) =0

xt - ()c3 +x, )x3 +x,x,x° — ()cl + )cz))c3 - (x] +x2)(x3 + x4)x2 - (xl + xz)x3x4x + ()cl)cz))c2 - ()c3 +x, )xlxzx +x,x,0,x, =0
Xt = (o, x o x)x + ( g X X 0 X0 )T = (00000, XXX, XXX XXX )X+ XXX, X =0
Comparing coefficients with the general quartic equation of ax’ +bx’ +cx’ +dx+e=0
b c d e
or x*+—x"+—x"+—x+—=0.

a a a a

We have

b
X +x,+x, +x, =——
a
c
XX, + XX, + XX, +X,%, +X,X, + XX, =
XXX, XXX, +X,X.X, + XXX, =——

e
XX, X, X, =—.
a

Exercise 2.5

2. ¢ x*-T7x+10<0 d. 2x*+5x-3>0
From the graph of y =x’—7x+10, it appears From the graph of f(x)=2x>+5x-3, it
that y = 0 if x =2 or 5. By substituting into the appears that the intercepts are —3 and 0.5. Using
function, we see y=0 if x=2 or 5. So, the the m mode in the | CALC | function or
intercepts are 2 and 5. For x¥’— 7x + 10 < 0, the by substituting, we find f(-3) = £(0.5) =0. The
graph is below or on the x-axis. Therefore, the solution to 2x*+5x—3> 0 is the set of values
solution is 2<x<5. for x for which f(x) is above the x-axis, i.e.,

x<-3 or x>0.5.

. N
]
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e.

—x*+4x-42>0

For y=f (x) =—x" + 4x — 4, the intercept appears

to be 2.

f(2)=0

So, the solution to —x + 4x —4 > 0 is the set of
values for x where y is on or above the x-axis.
But there is only one point that satisfies the

condition, (2, 0), so the solutionis x=2.

|
i\

—x*+9x=0

From the graph of y = f(x)=-x"+9x,

it appears the x-intercepts are -3, 0, and 3.
Verifying this from f(-3) = £(0) = f(3) =0,
then the solution to —x* + 9x > 0 is the set of
values for x where y is on or above the x-axis,

ie, x<-3or 0<x<3.

il
W

x’=5x"<x-5

x’=5x-x+5<0

The graph of f(x)=x’—5x"—x+5 is shown.
We can verify intercepts at —1, 1, and 5 by using
substitution or the | _CALC | function in

VALUE | mode. The solution of

x*=5x*—x+5<0 is the set of values for which

f(x) is below the x-axis, i.e., X< -1 or IS x<5,

Al
¥

Chapter 2: Polynomial Equations and Inequalities

h. 2x°+x*=5x+2<0

The graph of f(x)=2x"+x’—5x+2 is shown.
The intercepts appear to be —2, and between 0
and 1. By using the |_CALC | function and

l VALUE' and | ZERO | modes, we find

intercepts at —2, 0.5, and 1. The solution to

2x*+ x> =5x+2<0 is the set of values for x
for which f(x) is on or below the x-axis. The

solutionis x<-2 or 0.5<x<1.

i
1

i x’-10x-2>0
The graph of f(x)=x’—10x—2 is shown. The
intercepts appear to be close to -3, 0, and 3.
Using the | ZERO | mode of the m
function, we find approximate x-intercepts at
x =-3.057, —0.201, and 3.258. The solution will

be those values for x for which f(x) is on or above

the x-axis. Then, for accuracy to one decimal

place, the solutionis -3.1<x<-0.2 or x=3.3.

N\
1}

jo x+1>0

Solution 1
For all real values of x, x>>0,s0o x>+1>0. The

solutionis x€R .

Solution 2
The graph of f(x)=x"+1 shows all is above the x-axis.

Therefore, the solution is R.



3.

1

v=—t"+9t> 27t +21

b. The intercept of the graph
v=—t+9¢>-27t+ 21 can be found to be

x=1.183. For v>0, r<1.183 or ¢ less than
60.3°C.

c. Using the | TRACE | function to find values for ¢

that give values of v close to —20, and further
refining the answer using the | VALUE | mode in
the function, we find ¢ =5.45 when

v =-20. So, for v<-20, t>5.45. The value of
t is greater than 5.45(50°) or 272.5°C.

Graph f(t) =30t -4.9¢* on your graphing
calculator. Use the function to find values
for ¢ that give values of i = 40. Using the

function in modes, we can
refine our answers to give answers closer to 40. The
projectile will be above 40 m between 2.0 s and 4.1 s

after it is shot upwards.

Let the width of the base be x cm. The length is
2x cm, and the height is 4 cm. The total amount of
wire is

4(x)+4(2x) + 4(h) = 40

4x+8x+4h =40
40 -12x

T
=10-3x.

h

The volume of the solid is

v =(x)(2x)(k)
= (x)(Zx)(lO - 3x)

=—6x" +20x".

Graphing, v = f(x) =—-6x’ +20x".

Use the | TRACE | function to find values for x that

give values of f(x) to be close to 2 and 4.

x=0.34,v =2.08

x=0.51,v=4.42
and x =3.23,v =4.5

x=3.32,v=2.1.

We can use the m mode in the | CALC
function to find closer approximations. We
investigate the larger values, since the total amount
of wire is 40 cm.

When x=3.30,v=2.18

and x=3.27,v=4.06.

So, to have the solid with a volume of approximately
between 2 cm® and 4 cm’, the width of the box must

be between 3.27 cm and 3.3 cm.

Exercise 2.6

1. a |-3-7|=|-10]
=10
e |3]-|-5/+[3-9]
=3-(5)+-¢|
=3-5+6
=4

d. |9-3|+5]-3]-3]7-12]

=|6[+5(3)-3]-5]
=6+15-3(5)
=6

3 a f(x)=|x-3|, xer

First, graph the line f(x) = x—3. Then, reflect
the portion of the graph that is below the x-axis in
the x-axis so that f(x) is not negative.

y
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c.  h(x)=[2x+5| d. v=|x’+4x|
Graph h(x)=2x+5. Then, reflect that portion of
the graph below the x-axis in the x-axis.

Y

First, graph the parabola y = x’+ 4x. Then, reflect the
portion of the graph where y is negative in the x-axis.

y

|29,/
\ /D]

X
4\ | 0 4
X NP

f. g(x)=|1—2x|

Graph g(x) =1-2x. For the portion of the graph

below the x-axis, reflect each point in the x-axis.
y

e. y = | _x3 — 1 |
First, graph the cubic y = x* —1. Then, reflect the
portion of the graph where y is negative in the x-axis.

y

X
\ o ()
4. a. y=|x"-4]
_ 6. a. y=|x"-x-6]
Graph the parabola y = x” — 4. Then, reflect the
portion of the graph that is below the y
- . (0.5, 6.25)
x-axis in the x-axis. VLl
y 6
\ 0.4 | \\ T \\
\\ // 21
) X
-4 - 4
WAREAY/ | 7
X \
(0)5,16.25
(0,-4) b, y=|-2x*+4x-3|
Yy
\ /
(1} 1
CL-D | "
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c. y=|x’—x|

7. a. |[2x-1|=7

Since (2x—1) is 7 units from the origin,
either2x—1=7 or 2x-1=-7

2x=8 or 2x=-6
x=4 or x=-3.
b. [3x+2|=6

Since 3x+2 is 6 units from the origin,

either3x+2=6 or 3x+2=-6

3x =4 or 3x=-8
4 8
xX=— 0r X=—-=
3 3
¢ [x-3]<9

If |x—3|<9, then (x-3)lies between -9 and 9
on the number line:
9<x-3<0.

Add 3: -6<x<12

d. |x+4|=5

(X + 4) lies beyond 5 and —5 on the number line,
soeitherx+4>5 or x+4<-5

x>1 or x<-9.
e. |2x-3|<4
Then -4 <2x-3<4.
Add 3: -1<2x<7

1 7
Divide by 2: ——<x<—
2 2

f. |x|=-5
Since |x| is always a positive number, there is

no value of x for which |x| . Therefore, there is

no solution.

8. a. |x|=3x+4

xif x>0

.. xl=
By definition | | {—x <0

Therefore, if x>0,
then x=3x+4
2x=4

x=-2,

but only if x>0, .. x#-2,
and if x<0,

then —-x=3x+4
—-4x=4
x=-1.

Therefore, the solution is x =—1.

b. [x-5|=4x+1
Solution 1

By definition, if x—5>0,then x—5=4x+1
if x=25 -3x=6
x=-2.

But x>5, ~.x#-2.
Also, if x—3<0,then —(x—5)=4x+1
—Sx=-4

4
x=— or0.8.
5

Solution 2

First graph y =|x—5|
and y=4x+1.

The point of intersection is (0.8, 4.2)

0 |x—5|=4x+1 when x=0.8.
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c. |4x—8|:2x Test: x=0 Test: x=1

L.S.=|0-1 RS.=0 LS.=|l-1| RS.=1
[f4x-8>0, then 4x—8=2x 1 o
4x =8 2x =8
32 =4 Since L.S.«R.S., x# 0  Since L.S.<R.S. x=1.

If4x-8<0, then 4x-8=-2x 1
Therefore, the solution set is x|x > E .

4x <8 6x =8
8 4
x<2 X=—=—. )
6 3 Solution 3
4 By definition of absolute value,
The solution x=4 or x= 3 can be verified by if x—1>0, then x-1<x
) ) x21 Ox <1.
graphing y =|4x-8| and y =2x and checking
that the points of intersection occur when This is true for all x, x€R .
4 Andif x—1<0, then —-x+1<x
x=4, x=—.
3 x<1 -2x<-1
1
d. |x—1|<x x>—.
2
: . 1
Solution 1 Therefore, the solution set is x|x > 5 .
Graphing y, =|x—1| and y, = x yields the following e |2x+4]=12x
angle. We need to find the values for x for which Consider | x4 | — 12k
¥, <Y, . Since the point of intersection is
Then, either 2x +4 =12x or 2x+4=-12x
(1 1) 1 —10x=—4 or l4x=—4
—, = ¥ <y, when x>—.
2°2 2 4 2 4 2
— or X=——=—=

X=—= — = .
10 5 14 7
But substituting each value into the equation gives only one
Solution 2 5
solution, that is X = g .
Consider |x—1|=x

Then eitherx—1=x or x-1=-x 2
Test values for x on either side of x =—.
Ox=4 or 2x =1 5
1
No solution. xX=—.
2 Let x=0 Let x=1
1 L.S.=|2(0)+4 L.S.=|2(1)+4
Since |x—1|:x when x:E,wetestpointsoneither L( ) | S | ()"‘
= — 6
1 R.S.=12(0) R.S.=12(1)
side of = on the number line to find for what values of

2 =0 =12
does [x—-1|<x.
* [x-1] Since L.S.>RS., x=0  Since L.S.#RS, *#1,

2
Therefore, the solution set is {x|x < g} .

This solution can be verified by graphing y, = | 2x+4 |

2
and y, :|12x| and noting that y, 2 y, when x < 5
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f. [3x-1]|<5]3x-1]|-16

Consider |3x—1|:5|3x—1|—16.
Either (3x —1) =5(3x—1)-16 or —(3x—1)=5(-3x+1)-16

3x-1=15x-5-16 -3x+1=-15x+5-16
—12x=-20 12x =-12
20 5
X=—"=— x=-1
12 x

Both answers verify when substituted into the
equation. Now, to find which values satisfy the
inequality, we can use test values between and

5
beyond —1 and 3

Test: x=0

L.S.=|3(0)-1| R.S.=|3(0)-1|-16
=1 =-11

Since L.S.£R.S.,thenx=0

Test: x =-2

L.S.=|3(-2)-1| RS.=5|3(-2)-1|-16
=7 =19

Since L.S. > R.S., then x =-2.

Test: x =2
L.S.=[3(2)-1]| R.S.=5[3(2)-1]-16
=5 =9

Since L.S. < R.S., then x =2

So, the solution set is {x|x <_lorx> %} .

Or,
we can graph y, :|3x—1| and y, :5|3x—1|—16
and, using the values of x found earlier, locate those

values of x for which y <y,.

g. |x—2|+|x|:6

Solution 1
Graph y, =|x—2|+|x| and y, = 6. The points of

intersection are the points where ¥, =y,, .. x =-2 or 4.

Solution 2

Since we need to concern ourselves when | f (x) | =f (x)

or —f(x) , we use the cases where
x<0, 0<x<2,and x > 2.

Case 1:

If x <0
then |x—2|+|x|=6
becomes —x+2-x=6
2x=4
x =2.
x =-2o0orx=4
Case 2:
If 0 <x <2
then |x—2|+|x|=6
becomes —x+2 +x=6
Ox=4
No solution.
Case 3:
If x>0,
then |x—2|+|x|:6
becomes x-2+x=6
2x =8
x=4.

h. |x+4|-|x-1]|=3

Graph y, =|x+4| - |x~1|and y,=3.
Since the point of intersection is (0, 3), y =y,

when x = 0. Therefore, the solution is x = 0.

9. Since |x—|x|| is always positive, then [x =[]l
is positive when x >0. *
Since x >0, |x|2 0
olx— ]|
x|
=0.
But 9 =0
X
Therefore, there are no values for x for |x _ |x H
X

is a positive integer.
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10. Solution 1 4. Let f(x)=x"-6x"+6x-5

f(5)=5"-6(5) +6(5)-5
Using a table of values, we find

=0.
X f(x) Therefore, (x—3) is a factor of f(x).
-3 | - | -3 | | ) e 3 2
3 By division, x° —6x"+6x-5
=(x=5)(x’—x+1).
_ - -2
| Lepall
— 5. a. Since (x—1) is a factor of x*—3x”+4kx—1,
_1 |—1—|—1||=_2 then £(1)=0
-1
Substituting, 1° —3(1)" +4k(1)-1=0
0 undefined 1—344k-1=0
1-11 4k=3
| T 3
k= 1
2|2
) 22l
6. a. Let f(x)=x"-2x"+2x-1
FO)=1=2(1)" +2(1)-1
=1-2+2-1
=0.
Therefore, (x—1) is a factor of fx).
By dividing, x’-2x*+2x-1
=(x-1)(x* —x+1).
Solution 2
b. Let f(x)=x"-6x"+11x-6
Use a graphing calculator to find the graph. Using the f(l) =1 - 6(1)2 + 11(1) -6
mode and the function, we see =0.
x =0 gives no answer and is not included in the graph. Therefore, (x — 1) is a factor of f(x).

By dividing, x’-6x’+11x-6
Review Exercise =(x—1)(x*-5x+6)

(x - 1)(x - 2)(x - 3).

2. a. If the x-intercepts are 4, 1, and -2, then (x—4),
(x=1), and (x+2) are factors of the cubic

function. Therefore, y =a(x—4)(x-1)(x +2), 7. Since x’-4x+3
where a is a constant, represents the family of = (x - 3)()‘ - 1)’
cubic functions. both f(3) and f(1) must be equal to O in order
to have x°—4x+ 3 be a factor of
3. a Let f(x)=x"-4x"+x’-3 f(x)=x"=5x* +7x" - 2x* —4x+3.
F)=(-2) -4(-2)' +(-2) -3 5 o
30430443 FA) =1 =51)" +7(1)" —=2(1)" - 4(1) + 3
-1 =1-5+7-2-4+3
=0

Since f(-2)#0, x+2 is not a factor.
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8.

Also, £(3)=3"-5(3)" +7(3) —2(3) - 4(3) +3
=243-405+189-18—12+3
=0

Therefore, (x—1) and (x —3) are factors of f(x),

and so (x—1)(x=3) or x> —4x+3 is a factor of f(x).

a. Graphing y =2x’ +5x* + 5x + 3 yields the graph

below. Using the | CALC | mode and the

function, we find when x=-1.5, y=0.

Therefore, f(_ %) is 0. So, (2x+3) is a factor of

Sx).

Therefore, 2x* 4+ 5x> =5x+3
=(2x+3)(x* +x+1)

by division.

b. Graphing y =9x +3x’ —17x+5 yields the
graph below. We can see the x-intercept is
between —2 and —1 and perhaps 1. x =1 can be
verified by using the m function in the

CALC

il
il

By dividing, 9x’+3x*-17x+5
=(x-1)(9x* +12x - 5)
(x-1)(3x+5)(3x-1)

The other factors can be tested in the same way

1
asx=1,ie., let x=—é and x=—.
3 3

mode. Therefore, x—1 is a factor of f(x).

9. For f(x)=5x"—2x"+7x> —4x+38,

f(£)=01fqmwmsmm5amunmo&
q

a.

10. a.

c1f L=
q

5
If §= Z’ since 5 divides into 5 and 5 into 8,

then it is possible for f(%) t0 be 0.

4
g , since 4 does not divide into 5, then it is

4
not possible for f(g) =0.

Let f(x) =3x"—4x* +4x -1

Try £(1) =3(1) - 4(1)" +4(1) -1

=3-4+4-1
#0

S =3(=1) = 4(=1)" +4(-1) -1
=3-4-4-1
#0.

Therefore, the only binomial factor with integer
coefficients must be either (3x—1) or (3x+1).
From the graph, we see an x-intercept between 0
and 1, so (3x — 1) is a possible factor.
By division, 3x*-4x’+4x-1

=(Bx-1)(x* —x+1).

. First, graph y =2x"+ x> —13x -5 on your

calculator.

We see intercepts k =§ between —3 and -2, —1
and 0, 2, and 3. Where ¢ divides into 2 and p
divides into 5, we try k = %, f(%) =0.
Therefore, (2x—15) is a factor of f(x).

By division, 2x’+x*>—-13x-5
=(2x-5)(x* +kx +1)
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11.

44

=2x" +(-5+2k)x* + ...
By comparing coefficients, — 5 + 2k =1
+2k=6
k=3

Therefore, 2x* +x*—-13x-5
=(2x-5)(x* +3x+1).

. Graphing y =30x’-31x*+10x -1 on your
calculator, it can be seen that there is only one
value for k=2 and it lies between 0 and 1.
Since ¢ dividesq into 30 and p into 1, we try
k= é £(0.2) = 0. Therefore, (5x — 1) is a factor

of f(x).
By dividing, 30x’-31x’+10x-1
=(5x—1)(6x" + kx +1)
=30x" + (-6 +5k)x* + ...
Comparing coefficients, we have — 6+ 5k =-31
Sk =-25
k=-5.
Therefore, 30x”—31x>+10x—1
=(5x—1)(6x* =5x+1)
=(5x-1)(3x-1)2x-1).

X +8=0
(x+2)(x*-2x+4)=0
x+2=0 or x'-2x+4=0
x=0 or x=-2 or x+5=0
_2x )
2(1)
25412

2
24243

2
—1+iy3

Solution set is {—2, lii«/g}.

x=-2 or
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X -x"-9x+9=0
(x-1)=-9(x-1)=0
(x-1)(x*-9)=0
(x=D(x=3)(x+3)=0

x—1=0 or x-3=0 or x+3=0

x=1 or x=3 or x=-3

x'=12x*-64=0

(x*=16)(x* +4)=0

(x—4)(x+4)(x*+4)=0
x—4=0 or x+4=0 or x*+4
x=4 or x=-4 or x?

X

X —4x*+3=0
Let f(x)=x’—4x’+3
F)=1"-40)" +3
=0.

Therefore, (x—1) is a factor of fx).

So, x'—4x*+3=0
(x —1)(x* = 3x-3) =0, by dividing

x-1=0 or x*-3x-3=0
_34(-3)" - 4(1)(-3)

x=1 or x=

X’ =3x"+3x-2=0

Let f(x) =x’ =3x* +3x-2
f(2)=2"-3(2) +3(2)-2
—8-12+6-2
=0.
Therefore, (x—2) is a factor of f(x).
Note: To select which integer factor to try,
first graph y = f(x) and note where the

x-intercept lies.

=0

=—4
—+\—4

==+2i



Dividing to find the other factor, we find
(x-2)(x*-x+1)=0

x=2=0 or x'—x+1=0
1+ 12 —4(1)(1)
x=2 o x=——"——"—"
2(1)
C1+iy3
2
h. x-26x*-27=0

(x*=27)(x*+1)=0
(x=3)(x*+3x+9)(x+1)(x’—x+1)=0

x-3=0 or x’+3x+9=0
—3+.,/9-4(9)
2
34303
=
or x+1=0 or x*—x+1=0

C1x1-4(1)

or x=-1 or X =
2

_1£i\3

2

x=3 or X =

The solution set is {3» -1, 2

i (e +2x) —(x*+2x)-12=0
Let a=x"+2x
a-a-12=0
(a-4)(a+3)=0
a-4=0 or a+3=0.

But a=x"+2x
Therefore, x> +2x—-4=0 or x’+2x+3=0

Lo2E V27 —4(1)(—4) _ 2% V27 —4(1)(3)

34313 1iif3}
’ 2 .

2(1) * 2(1)
_2+4\20 _2x4-8
-2 -2
.~ 24202

- 2

—_1+iV2.

Note: Graphing y = (x> +2x)" — (x> + 2x) - 12

confirms the existence of only 2 real roots.

12. ¢. X’ —=x*—4x-1=0

The graph of y =x’ —x*—4x—1 shows 3 real

roots between —2 and —1, —1 and 0, and 2 and 3.

Using the | ZERO | function in | CALC
mode, we find x=-1.377  x=-0.274
x=2.651.

13. If 2 is aroot of x*+kx—6=0_ where
f(x)=x"+kx—6,it means f(-2)=0.
Substituting to find k, we get
(-2) +k(-2)-6=0

4-2k-6=0
—2k=2

k=-1
Lx—x-6=0.

Also, (x+2) is a factor of f(x)=x"~-x-6.

By dividing, the other factor is (x — 3).
sx=3=0
x=3

So, k = — 1, and the other root is 3.

14. Let r, r, be the roots of 2x* +5x+1=0.

Therefore,

5
V]+l"2=—5 )

1

1
equation are X, = o and x, = P The sum of the

1 2
new roots is

1 1
X, +x,=—+—
non
_nhtn
Ut
S
1
2
The product of the new roots is
1
X +x,=—
nn
=2.
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Therefore, the new equation is
x*=(x, +x,)x+xx,=0
or X =(=5)x+2=0
x*+5x+2=0.

15. a. Since
x> — (sum of roots) x + (product of roots) = 0,

for 2x° —x+4 =0, the sum of the roots

1 4
is 5 and the product is 5 or 2.

b. Let x,,and x, be the roots of the quadratic equation

1 2
x1+x2=B and x1+x2=—E.The equation is
1 2
x'——x-——=0or 15x’-=x-2=0,
15 15

c. Let the roots of the quadratic equation be x and x..
x, +x, =(3+2i)+(3-2i)
=6
xx, =(3+2i)(3-2i)
=94’
=9+4
=13

The required equation is x* —6x+13=0

d.

Solution 1
3x’ +4kx —4 =0 where f(x)=3x"+4kx—4

If 2 is one root, then f(2)=0.
Substituting, we have

3(2)° +4k(2)-4=0

12+8k—-4=0
8k =-8
k=-1.

Therefore, the equation can be written as 3x* —4x—-4=0.If

2 is one root, then (x —2) is a factor of the function f(x);

therefore, 3x’—4x—4=0 becomes (x—2)(3x+2)=0.
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The other root can be found from
3x+2=0

2
x=—=.
3
Therefore, the other root is 3 and k=-1.

Solution 2

Let h represent the other root of 3x° +4kx—4=0.

The sum of the roots is s +2 = _%, (1)
. 4
The product of the roots is 2k = -3 (2)
Therefore, h= —%.
Substituting into (1) to find &,
2 4k
e = ——
3 3
2 +6=—4k
4k =—4

e. Let x, and x, represent the roots of
x*=5x+2=0.

X, +x,=5 and xx,=2.
The roots of the required equation are x, —3 and
x,—3.

For the new equation, the sum of the roots is

(x] - 3) + ()c2 - 3)

=x,+x,-6

=5-6

=-1.

The product of the new roots is
(x1 - 3) ()c2 - 3)
=XX, —3(xl +x2)+9
=2-3(5+9
=-4.

The required equation is x* +x —4 = 0.



f. Letx and x, represent the roots of 2x°+x-4=0.

1 4
+x,=—— and x,xzz—zz—Z

x 2

1

1 1

The roots of the required equation are - and .

1 x2

For the new equation, the sum of the roots is
I 1 x,+x

XX XXy

and the product is

£ S

_ L
="
. .
The required equation is X _ZX_EZO
or 4x*-x-2=0,

16. a. (x-2)(x+4)<0

Solution 1

Graph y=(x-2)(x+4).
Since y is below the x-axis between —4 and 2, therefore,

the solution is x such that 4 <x <2

Solution 2

Consider (x-2)(x+4)=0.
Therefore, x=2 or x=-4.
Test:

x=0 x=3

x=-5

L.S.=(-5-2)(-5+4) LS.=(-5-2)(-5+4) L.S.=(3-2)(3+4)

=7 =—6 =7
But, L.S.«0 LS.<0 LS.«0
SLX#ESS x=0 Sx#E3

The solution set is {x|-4 <x <2}.

Solution 3

For the product (x—2)(x+4) to be negative, there

are two cases.

Case 1: x-2>0and x+4<0
x>0 and x<-4

No solution.

Case2: x-2<0and x+4>0
x<?2and x <-4

The solution is 4 <x <2.

b. X +x-220
(x+2)(x-1)=0

Consider the graph of y =(x+2)(x—1). The
values that satisfy the inequality are the values for
x for which the y values are on or above the x-axis.

The solutionis x <-2 or x >1.

c. x+3x<0
x()c2 + 3) <0
Consider the graph of y = x* + 3x . The solution

is those values for x where y is below or on the

x-axis, i.e., for x<0,

d. x’-2x"—x+2>0
The graph of y = x’ — 2x>—x + 2 is shown with
x-intercepts at —1, 1, and 2 as confirmed by using
the mode and function. The
solution to the inequality is those values for
x where y is above the x-axis, that is

—l<x <lorx >2.

e. x'<o0
Since x* always returns a positive or zero for any
value of x, the only solution is x =0 This can be
verified graphically by noting that the graph of

y=x" is never below the x-axis.
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f. x*+5x°+22>0

Solution 1

From the graph of y =x" +5x* +2, we see that y is always

above the x-axis.

Solution 2

Since x* and x* are always positive, x* + 5x+2 is

always greater than zero. The solution set is R.

17. a. |3x-1|=1
Either 3x-1=11 or 3x-1=-11

3x=12 3x=-10
x=4 XI—E.
3

By substituting into the equation, we can verify

both answers are correct.

18. The dimensions of the open box are 8 —2x, 6 — 2x,
and x. The volume is 16 cm’ or
x(8-2x)(6-2x)=16
48x —28x* +4x’ =16
4x° —28x* +48x-16=0
X —TIx*+12x -4 =0.
By graphing y =x’ —7x* +12x — 4, we find only one real

root at x =5.11, but this is an inadmissable root as X < 3.

Therefore, it is impossible to make a box from

this rectangular sheet.

Chapter 2 Test

1. Let f(x)=x"-5x"+9x-3
F(=3)=(=3)"=5(-3) +9(-3)-3
= 07-45-27-3
#0.
- (x+3) is not a factor of f(x).

2. a. X 43x7-2x-2
Let f(x) =x’ +3x* —2x -2

F()=1r+301) -2(1)-2
=0.
s (x=1) is a factor of f(x).
By dividing, x* +3x> —2x =2 = (x - 1)(x” + 4x +2).
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b. 2x°=7x*+9
Let f(x)=2x"=7x"+9
=) =2(=1)" =7(=1)" +9
=-2-7+9
=0.
- (x+1) is a factor of f(x).
By dividing, we find
2% =Tx*+9
=(x+1)2x* -9x +9)
=(x+1)(2x =3)(x - 3).

c x'-2x"+2x-1
Let f(x) =x* —2x’ +2x -1
f(h)=1-2+2-1
=0.

Also, f(-1)

Il
—_~

)+(2)-2-1

Il
S

s (x=1),(x+1) are factors of x* — 2x* + 2x — 1.

~—

By dividing, x*-2x"+2x-1
=(x*=1)(x* =2x +1)
=(x-)(x+1)(x-1)(x-1)

=(x+1)(x— 1)3.
Graphing y =3x’ + 4x* +2x —4 shows one

x-intercept between 0 and 1. So, k = 4 where
p

p is a divisor of 3 and ¢ is a divisor of 4. Trying & :%

with the function in mode gives

y=0.
5 (3x—2) is a factor of 3x’ +4x>+2x—4.

By dividing, 3x’+4x’+2x-4
=(3x-2)(x* + kx +2)
=3x" +(=2+3k)x* +--

Comparing coefficients, -2 + 3k =4

3k=6
k=2.

S3x0+4xP+2x—4

=(3x-2)(x* +2x+2)



a. 2%’ =54=0
2(x*=27)=0
2(x-3)(x*+3x+9)=0

x=3=0 or x’+3x+9=0

b. x’—4x*+6x-3=0
Let f(x) =x’ —4x’ +6x-3
f()=1-4+6-3
=0.
= (x=1) is a factor of f(x).
x'—4x*+6x-3=0
(x-1)(x*-3x+3)=0

x-1=0 or x*-3x+3=0

~3+49-4(1)(3)
2

x=1 or X

€ 2x°-T7x*+3x=0
x(2x*=7x+3)=0
x(2x-1)(x-3)=0

x=0 or 2x’-1=0 or x-3=0

1
x=0 or X=— or x=3
2
d. x'=5x+4=0

(x*=4)(x*-1)=0
(x=2)(x+2)(x-D(x+1)=0
x—2=0o0r x+2=0 or x-1=0

or x+1=0

x=2orx=-2o0orx=1orx=-1

5. Let the roots of x*—2x+5=0 be x and x. The
sum is 2 and the product is 5. The roots of the
required equation are x, +3 and x,+3. The
sum of the new roots is

(x, +3)+(x, +3)
= (x1 + x2) +6
=2+6
=8.
The product of the new roots is
(xl + 3) (x2 + 3)
x,x, +3(x, +x,)+9
=5+3(2)+9
=20.

The required quadratic equation is x* —8x+20=0.

7. a. (x=-3)(x+2)7<0
From the graph of y =(x—-3)(x+ 2)2, the
x-intercepts are 3 and —2. y is below the x-axis

only for x <-2 -3<x<3,butnotfor x=-2.

b. x’—=4x>0
Either2x-3=7 or 2x-3=-7
2x =10 2x=-4
x=5 x=-2

c. [2x+5]>9

Solution 1
Graph y, :|2x +5
¥, =9
The graph of ¥, >y, for values of x less than —7 and for

values of x greater than 9. The solution is x <-7

or x>2.

"
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Solution 2

Consider |2x+5|=9
Either2x+5=9 or 2x+5=-9
2x=4 2x=-14
x=2 x=-7.

Take regions to find the solution to |2x +5|>9.

x=-8 x=0 x=0
LS.=|+2(-8)+5| LsS.=[2(0)+5] L.s.=|2(0)+5]
=11 =5 =5
LS.>9 LS. »9 L.S.»9
Lx=-8 x#0 x#0

Write the answer as x < -7 or x > 2.

8. a. The graph shows 3 real zeros at x=-2, x=1.5,
and x =3.5. The leading coefficient is positive, and

the polynomial function is at least cubic, i.e., of

degree 3.

b. The graph shows 2 zeros. Since the graph appears to
begin in quadrant 2 and to end in quadrant 1, we
deduce that the leading coefficient is positive. The

shape seems to show a quarter polynomial, i.e., of

degree 4.

c¢. The graph shows 3 zeros. Since the graph appears to
begin in quadrant 2 and end in quadrant 4, it will be a

cubic function of degree 3 and has a negative leading

coefficient.

9. C=0.0002x-0.005x> + 0.5x

a. Letx=95
C =0.0002(95)" - 0.005(95)" +0.5(95)
=173.85.

When a diver who weighs 95 kg stands on the board,

it will dip 173.9 cm.
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b. If the diving board dips 40 cm, C = 40.
Substituting, 40 = 0.0002x" —0.005x* + 0.5x
or 0.0002x* —0.005x> +0.5x-40=0
Graphing y =0.0002x’ —0.005x> + 0.5x — 40
and using the | ZERO | function in | CALC
mode, we find x =51.6. So, the diver has a

mass of about 52 kg.
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